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EU target to source 20% of the EU's energy from
renewables by 2020
Wind is `extremely stochastic'

Typical volatility for stocks/shares: 0.2-0.4
Typical volatility for wind 113.02

Wind would be the largest component of uncertainty in the
power supply system (even more than demand)

Often windiest during periods of minimum demand

Wind is often in the `wrong place'

Electricity is the ultimate perishable commodity





OUTLINE OF CONCEPTS

A physical problem: to value the stochastic �ow of wind
energy into and out of a storage facility (e.g. battery or
reservoir, such as Dinorwic) - intended to smooth the
Brownian motion of wind supply

No analytic solution; simulation very slow

Borrow �nancial modelling methods (store is a perpetual,
income-paying Asian option)

Use option concepts for hedging, rather than for
speculation - �nancial weapons of mass destruction
leading to the Credit Crunch

PDE numerical solution: calculation time reduced from
years to minutes/seconds

Opens a generic method for stochastic storage in many
�elds (e.g. banks and insurances).



THE PHYSICAL PROBLEM

If no storage, electricity supply must �uctuate constantly to
match demand

Supply �uctuation is costly: £10,000 fuel plus 4 hrs to
warm up a generator; �exibility imposes lower fuel
ef�ciency; practical problems in changing output very
frequently.

Conversely storage is costly: ef�ciency loss of 30%, plus
capital costs.



THE EFFECT OF USING LARGER AMOUNTS OF WIND

POWER

Large increase in total uncertainty

`Persistence' forecasting rule: wind strength is close to
Brownian motion at lead times < 4 hrs.

Wind supply changes unforecastably, by up to 25% at this
lead time.

Need to re-evaluate storage, using a better model of large,
continuous dynamic wind disturbances



ECONOMIC AND DYNAMIC SIMPLIFICATIONS

Only the error in wind forecasts need be modelled

Assume linear Brownian motion for wind forecasting errors

Mean reversion of errors is not needed - in practice the
wind surplus of de�cit must be reset to zero by gas
generation (within hours)

Goal of storage unit is to eliminate Brownian motion from
the load on gas generators, as far as possible



CHALLENGES IN DEFINING A PDE

Not a standard Black-Scholes model:

Wind forecasting error is a linear BM

No traded underlying capital asset

Different behaviours, when charging and discharging the
storage

Only source of value is income, made whilst discharging



MODELLING STRATEGY

Value the storage unit as a perpetual income-paying Asian
option (strictly, an in�nite bundle of such options: one
expires every instant)

When charging, the unit is acquiring options to discharge
later

When discharging, the unit is acquiring options to charge
(and also earns income proportional to the stochastic
discharge rate)

An Asian option, because the amount in store Q is the
integral of the charge/discharge rate X as modi�ed to
L (X; Q).

0 · Q · Qmax.



PHYSICAL CONSTRAINTS ON THE CHARGE/DISCHARGE

RATE

Storage unit has maximum rates of charge or discharge
(`power ratings': constants ¸ c , ¸ d , Xc and Xd )

Actual charge rate is not X (> 0) but

L c(X ; Q) = min(X; Xc ; ¸ c(Qmax ¡ Q));

(stops �lling when full - technologically realistic, simpli�es
the maths).
Similarly, actual discharge rate for X < 0 is

L d (X ; Q) = max(X; Xd ; ¸ dQ);

(stops discharging when empty - technologically realistic,
simpli�es the maths).



THE INCOME OF A DISCHARGING UNIT

Instantaneous income-earning rate while discharging is the
positive value

¡ kL d (X ; Q)

where k < 1 is the electrical ef�ciency of storage.
Hence an option to discharge expires at every dt, with pay-off
function for any X:

max(0; ¡ kL d (X ; Q))



GENERAL CHARGE AND DISCHARGE RATES

-10-5 0 5 10

 0

 1

 2

 3

 4

 5

-1

-0.5

 0

 0.5

 1

X (GW)

L d (X ; Q), L c(X ; Q) (GW)L d (X ; Q), L c(X ; Q) (GW)

Q (GWh)

Variation of L d (X ; Q), L c(X ; Q), for Qmax = 5GWh,
Xc = Xd = 1GW, ¸ c = ¸ d = 1h¡ 1



BUILDING THE PDE

Value F when discharging, G when charging
By Itô's Lemma

dG = 1
2¾2 @2G

@X 2 dt +
@G
@X

dX +
@G
@Q

dQ

dF = 1
2¾2 @2F

@X 2 dt +
@F
@X

dX +
@F
@Q

dQ¡ kL ddt

dX are the random terms; note income-generating term in
discharge region



HEDGING TO ELIMINATE RANDOM TERMS

Assume constant (electricity) prices, but a Brownian
physical movement of wind supply into storage

To hedge physical wind supply, take a long position in the
(random) wind supply over dt and sell the forecast wind
supply

Result is a wind surplus/de�cit, which can offset the �ow
from/to storage, and hence the latter's change in value, as
X changes in dt

After delta hedging, obtain the following PDEs:

1
2¾2 @2G

@X 2 + L c
@G
@Q

¡ rG = 0; X > 0

1
2¾2 @2F

@X 2 + L d
@F
@Q

¡ rF ¡ kL d = 0; X < 0



BOUNDARY CONDITIONS

The jX j ! 1 conditions need to be considered carefully (using
asymptotics), due to slow decay because of large volatility:
modi�ed Robin conditions work best:

As X ! 1 , tank �lls once, with no option to empty, hence
no income, so G(X ! 1 ) ! 0, or more precisely:
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(NUMERICAL) METHOD OF PDE SOLUTION

Diffusion works in opposite directions in the charge and
discharge regions - upwards in Q for X < 0, downwards in
Q for X > 0: this must be properly taken into account c.f.
separated boundary-layer �ows

F and G must value match and smooth paste at X = 0:

G(0:Q) = F(0; Q);
@F
@X

(0; Q) =
@G
@X

(0; Q)

Method I: iterative (marching) scheme

Method II: direct solver



ALTERNATIVE METHODOLOGY: SIMULATION

Operates in the time domain to estimate the (risk neutral)
value.
Simulate numerous long paths of X ; Q from given starting
values at t = 0
Record income ¡ kL d (X)±t during any discharges, where
±t is time increment
Discount all income to t = 0
Take mean NPV of all paths to give system's value, given
the t = 0 value of X ; Q
Simulation approximates the value in the time domain
(under the risk-neutral probability measure); implies same
value as PDE.
Process requires frequent sampling of X ; Q over long times
Need to sample about 20,000 paths for each starting state
of X ; Q.



TWO REPRESENTATIVE RANDOM WALKS

A

B

C

D Q = Qmax

Q = 0
X = 0

L d < 0

L c > 0

One path starts at (0,0.25), and the other at (0,0.75) in (X ; Q)
space. The store discharges when X < 0 and charges when
X > 0



COMPARISON OFPDE AND SIMULATION SOLUTIONS
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EXAMPLES OF PDE SOLUTIONS
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VARIATIONS WITH ¾AND Qmax
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IMPLICATIONS FOR SYSTEM DESIGN AND CONCLUSIONS

PDE approach circa one billion times faster than simulation
- permits optimisation

Most of the value comes from small, short-lived excursions
about X = 0

Much value can be captured by small storage capacity
Qmax and small charge/discharge power ratings Xc

Storage relevant to the �ne control of electricity supplies

Some value is retained at small error volatilities (`better
forecasts') not a cure

PDE approach can effectively build-in system constraints

Recent work has considered electricity pricing to (also) be
stochastic

Now modelling electricity contacts more realistically


